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C) Arithmetic sequences
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E) Series
F) Arithmetic series
G) Geometric series



A)  NUMBER SEQUENCES
In mathematics, it is important that we can: 
Recognize a pattern in a set of numbers, describe the pattern in words, and continue the pattern.
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B) THE GENERAL TERM OF A NUMBER SEQUENCE
Sequences may be defined in one of the following ways:
a) listing all terms (of a finite sequence)
b) listing the first few terms and assuming that the pattern represented continues indefinitely
c) giving a description in words
d) using a formula which represents the general term or nth term
[image: ]Ex. Express the following sequence in the general term
--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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C)  ARITHMETIC SEQUENCES
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Ex:




THE GENERAL TERM FORMULA
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D)  GEOMETRIC SEQUENCES

For example: 2, 10, 50, 250, .... is a geometric sequence as each term can be obtained by multiplying  the previous term by______
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GEOMETRIC SEQUENCE PROBLEMS
Problems of growth and decay involve repeated multiplications by a constant number. We can therefore use geometric sequences to model these situations.
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E)  SERIES
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F)  ARITHMETIC SERIES
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G)  GEOMETRIC SERIES
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Proof: 
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Infinite Geometric Series

An infinite geometric series is the sum of all the terms from an infinite geometric sequence. The symbol for such a sum is   .
It is natural to assume that if we keep adding terms “forever” the sum would keep increasing without bound and for many geometric series this is true. We call these divergent series.
	ex.  
However, there are some series that approach a fixed value. For this to happen the terms being added must get smaller and smaller. Therefore, the common ratio must be such that  . We call these convergent series.
	ex.  
[image: ]
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Determine whether each infinite geometric series is convergent or divergent. State the sum, if it exists. 
1.  		(b)  		(c)  
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image4.png
3 Evaluate the first five terms of the sequence:
a {20} b {2n+2} ¢ -1} d {2n-3}
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An arithmetic sequence is a sequence in which cach term differs from the previous one
by the same fixed number.
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For an arithmetic sequence with first term u; and common difference d
the general term or nth term is = s + (n — 1)d.
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Consider the sequence 2, 9, 16, 23, 30,
a Show that the sequence is arithmetic.

b Finda formula for the general term u,

¢ Find the 100th term of the sequence.

dIs i 88 i 2341 aterm of the sequence?
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EXERCISE 6C.1
1 Find the 10th term of each of the following arithmetic sequences:
a 19,25,31,37, b 101,97, 93, 89, © 804,11, 124,
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3 Consider the sequence 6, 17, 28, 39, 50, ....
a Show that the sequence is arithmetic. b Find the formula for its general term.
© Find its 50th tem. d Is 325 a member?

e Is 761 a member?
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5 A sequence is defined by u, =3n—2.
a Prove that the sequence is arithmetic.  Hint: Find 41 — .
b Findu; and d. ¢ Find the 57th term.
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Find k given that 3 +1, k,
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7 Find k given the consecutive arithmetic terms;
a 32,k3 b KT.10 € k124113
d k-1,2k+3,7—k e kKL K46 f 5.k K-8
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Find the general term w, for an arithmetic sequence with us =8 and ug = —17.
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& Find the general term w,, for an arithmetic sequence with:
@ up=41 and wis =77 bous=
< seventh term 1 and fifteenth term —39
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) Self Tuto
Insert four numbers between 3 and 12 so that all six numbers are in arithmetic sequence.
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9 a Insert three numbers between 5 and 10 so that all five numbers are in arithmetic sequence.
b Insert six numbers between —1 and 32 so that all eight numbers are in arithmetic sequence.
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EXERCISE 6C.2

1 A luxury car manuficturer sets up a factory for a new model. In the first month only 5 cars are
produced. After this, 13 cars are assembled every month.

b

List the total number of cars that have been made in the factory by the end of each of the first
six months.
‘Explain why the total number of cars made after n morths forms an arithmetic sequence.

© How many cars are made in the first year?

How long is it untl the 250th car is manufactured?
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2 Vakéria joins a social networking website. After 1 week she has 34 online friends. At the end of
2 weeks she has 41 friends, after 3 weeks she has 48 friends, and after 4 weeks she has 55 friends.

a
b

‘Show that Valéria's number of friends forms an arithmetic sequence.
Assuming the patiern continues, find the number of online friends Valéria will have afier
12 weeks.

After how many weeks will Valéria have 150 online friends?
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A sequence is geometric if each term can be obtained from the previous one by
‘multiplying by the same non-zero constant.

A geometric sequence is also referred t0 as a geometric progression.
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= forall positive integers n where r is a
constant called the common ratio.
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For a geometric sequence with first term u; and common ratio r,
the general term o nth term i up = uzr "1
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Hence u, = uy 7ot

~ t
term number ‘The power of 7 is one less than the term number.
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Consider the sequence 8,4,2,1, 3,
a Show that the sequence is geometric. b Find the general term .
¢ Hence, find the 12th term asa fraction.
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EXERCISE 6D.1
1 For the geometric sequence with first two terms given, find b and c:
a26bc b 10,5bc € 12,6, boc,
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4 a Show that the sequence 5, 10, 20, 40, .... is geometric.
b Find w, and hence find the 15th term.
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5 a Show that the sequence 12, —6, 3,
b Find u, and hence write the 13th tem as a rational number.
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) Self Tut
k 2%, and 21—k are consecutive terms of a geometric sequence. Find k.
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8 Find k given that the following are consecutive temms of a geometric sequence:
a Tk bk 3k 20—k ¢ kk+8,9k
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Example 9 =) Self Tutor

A geometric sequence has up = —6 and u; = 162. Find its general term.
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9 Find the general term u,, of the geometric sequence which has:
@ =24 and up =192 b oug=8 and ug=
€ ur=24 and s =384 doug=5 and ur =





image32.png
‘The initial population of rabbits on a farm was 50.
‘The population increased by 7% each week.
a How many rabbits were present aftr:
i 15 weeks 30 weeks?
b How long would it take for the population to reach 5007
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EXERCISE 6D.2
1 A nest of ants initially conains 500 individuals
‘The population is increasing by 12% each week.
a How many ants will there be after.
i 10 weeks 20 weeks?

b Use technology to find how many weeks it will
take for the ant population to reach 2000.
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$5000 is invested for 4 years at 7% p.a. compound interest, compounded annually. What wil it
amount to at the end of this period? Give your answer to the nearest cent.

ws=ur xrt is the amount after 4 years
= 5000 x (107)*  {for a 7% increase 100% becomes 107%}
~ 655398

‘The investment will amount to $6553.95.
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EXERCISE 6D.3

1 a What will an investment of $3000 at 10% pa. compound interest amount to after 3 years?
b How much of this is interest?
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4 How much compound interest is earned by investing $80000 at 9% p.a. if the investment is over a
3 year period?
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A series is the sum of the terms of a sequence.
For the finite sequence {u,} with 7 terms, the corresponding series is uy +ua + g + .. + .
‘The sum of this series is S, = w1 +ua-+us+....+t  and this will always be a finite real number.
For the infinite sequence {u,,}, the corresponding series is s + s + g + oo+ Uy + .

In many cases, the sum of an infinite series cannot be calculated. In some cases, however, it does
converge to a finite number
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SIGMA NOTATION
us +us+us+us+ o+ can be written more compactly using sigma notation.
The symbol ¥ is called sigma. It is the equivalent of capital  in the Greek alphabet

We write s+ s+ us + s o+ 88 3 w0
=

3 i reads “the sum of all numbers of the form ux where k =1,2,3, ., upto n”.
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Consider the sequence 1, 4, 9, 16, 25,

a Write down an expression for S,.. b Find S, for n
242243424 n? b Si=1
{all terms are squares} Sy=1+4=5
2 Sy=1+4+9=14
-vR
= Si=1+4+9+16=30

S5 =1+4+9+16+25=55
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7 s
Expand and evaluate: 2 Y (k+1) by L
=1 aF
7
a L (k+1) b
=t

2

+4+546+T+8





image41.png
EXERCISE 6E
1 For the following sequences
i write down an expression for 5,

a 3,11,19,27, b 42, 37,32, 27, € 12,6,3,1%
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2 Expand and evaluate:

a )“:u b )E1h+|) < )‘:13&75)
& =

=1
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An arithmetic series is the sum of the terms of an arithmetic sequence.

For example: 21,23, 25, 27, .., 49 is a finite arithmetic sequence.
21423425+27+...+49 is the corresponding arithmetic series.
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‘The sum of a finite arithmetic series with first term u;, common difference d, and last term u,, is
2ut 1
2(@us + (= 1)

52

Wi +un) or S,
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Find the sum of 4+7+10+13+ ... 1050 terms.

‘The series is arithmetic with u; =4, d=3 and n = 50,

Now S, = 52w +(n~1)d)

o Sw=@x4+49x3)

3875
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| Example 17 | | =) Self Tutor |

Find the sum of —6+1+8+15+ ...+ 1.

‘The series is arithmetic with
First we need to find n.

6, d=7 and uy

141

Now up =141
w+ (= 1)d = 141
141
147 Sn = F(-6+141)
2 =1x135
Lon=2 = 1485

Using S, = ;(uﬁru..)-
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EXERCISE 6F

1 Find the sum of

@ 3474114154+ 1020 terms b 3434544840 1050 terms

© 80 terms.

€ 100493486479+ ... 1040 terms d 504485 +47 4455 +
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3 Evaluate these arithmetic series:
) & k43
a 3 (2+5) b Y (k—50) c ):(
= &

Hint: List the first 3 temms and the last term. Check your answers using technology.
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5 An arithmetic series has eleven terms. The first term is 6 and the last tem is —27. Find the sum of
the series.
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Three consecutive terms of an arithmetic sequence have a sum of 12 and a product of —80. Find
theterms.  Hint: Let the termsbe z—d, z, and z +d.

12 Five consecutive terms of an arithmetic sequence have a sum of 40. The product of the first, middle
and last terms is 224. Find the terms of the sequence.
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A geometric series is the sum of the terms of a geometric sequence.

12,4816,
14244+8+16+...+1024 is the corresponding finite geometric series.

1024 is a finite geometric sequence.
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For a finite geometric series with r # 1,

_wma—r)





image53.png
In the case 1

‘we have a sequence in which all terms are the same, and S,





image54.png
) Self Tutor
10 12 terms.
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Find a formula for S,,, the sum of the first n terms of

the series 9—3+1—%+....
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EXERCISE 6G.1
1 Find the sum of the following series:
2 124643415+ 1010 tems
c 63413 1015 terms
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4 Evaluate these geometric series:

0 i 5
2 Y axz b ¢ S 6x(-2F
= F= F=A
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6 Consider S,=3z+3+5+wm+

Ttitstw ko
Find S1, S5, S5, Su, and S5 in fractional form.

b From a guess the formula for S,

(L
T

Find S, using S, =

Comment on S, as n gets very large.

© What i the relationship between the given diagram and d?
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|| is the size of .

Ir| > 1 means
r<—lorr>1
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If |r| <1, an infinite geometric series of the form s +usr + urr + .

will converge to the sum S =
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) Self Tutor
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EXERCISE 6G.2
1 Consider 0
a Find: w -
b Using a, show that 0

=35+ i + 70 + . which is an infinite geometric serics.
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4 Find the sum of each of the following infinite geometric series:
@ 1841248+ 24 b 1896342107+
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A number sequence is an ordered list of numbers defined by a rule.
‘The numbers in the sequence are said 1 be its members or ts terms.
A sequence which continues forever is called an infinite sequence.

A sequence which terminates is called a finite sequence.
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5 Find each of the following:

BF o Se(-p)
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1 Identify the following sequences as arithmetic, geometric, or neither:
a 7,-1,-9 17, ... b 99,99 .. € 4,-21, —
d 1,1,2,358, ... e the set of all multiples of 4 in ascending order.
2 Findkif 3k, k—2 and k+7 are consecutive terms of an arithmetic sequence.

3 Show that 28 23, 18,13, ... is an arithmetic sequence. Hence find w,, and the sum S, of the
first n terms in simplest form.

& Find k given that 4, k, and k® — 1 are consecutive terms of a geometric sequence.
5 Determine the general term of a geometric sequence given that its sixth term is % and its tenth
i 38

term is 22,

6 Insert six numbers between 23 and 9 so that all eight numbers are in arithmetic sequence.

7 Find, in simplest form, a formula for the general term w, of
a 86,83,80, 77, ... 1178 © 100,90, 81, 729, ....
Hint: One of these sequences is neither arithmetic nor geometric.

7

8 Expand and hence evaluate: a YR D 5T
=1

9 Find the sum of each of the following infinite geometric series:

a 18-12+8 b 8+4VI+a+ .

10 A ball bounces from a height of 3 metres and returns to 80% of its previous height on each
bounce. Find the total distance travelled by the ball until it stops bouncing.

3n2 4 5n

11 The sum of the first  terms of an infinite sequence is forall n ezt

a Find the nth term. b Prove that the sequence is arithmetic.
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3
a Prove that the sequence is geometric. b Find u; and .
© Find the 16th term of the sequence to 3 significant figures.
2 Consider the sequence 24, 233, 22}, ....
a Which term of the sequence is —36?7 b Find the value of usgs.
€ Find Sy, the sum of the first 40 terms of the sequence.
3 Find the sum of:
a the first 23 terms of 3 +9+15+21 +
b the fist 12 terms of 24 +12+ 6+ 3+

1 A sequence is defined by u,

4 Find the first term of the sequence 5, 10, 20, 40, .... which exceeds 10000.
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‘What will an investment of €6000 at 7% p.a. compound interest amount to after 5 years if the
interest is compounded:

a annually b quanerly © monthly?

‘The nth term of a sequence is given by the formula w, = 5 — 8.

a Find the value of us.

b Write down an expression for 1 — i, and simplify it.

© Hence explain why the sequence is arithmetic.

d Evaluste usg +usg + g + o+ U0,

A geometric sequence has ug = 24 and ui, = 763. Determine the general temn of the
sequence and hence find:

a g b the sum of the first 15 terms.

Find the first tem of the sequence 24, 8, , §, ... which s less than 0.001.

2 Determine the number of tems in the sequence 128, 64, 32, 16,
b Find the sum of these terms.

Find the sum of each of the following infinite geometric series:
a12-1141 b Hiiii

How much should be invested at a fixed rate of %% p.a. compound interest if you need it to
amount to $20 000 after 4 years with interest paid monthly?

In 2004 there were 3000 iguanas on a Galapagos island. Since then, the population of iguanas
on the island has increased by 5% each year.

2 How many iguanas were on the island in 2007

b In what year will the population first exceed 100007
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1 A sequence is defined by u, = 68— 5n.
a Prove that the sequence is arithmetic. b Find uy and d.
© Find the 37th term of the sequence.
d State the first term of the sequence which is less than —200.
2 a Show that the sequence 3,12, 48, 192, ... is geometric.
b Find u, and hence find up.

3 Find the general term of the arithmetic sequence with u7 = 31 and w5
Hence, find the value of ugs.

4 Write using sigma notation:
2 4411418425+ forn terms LI S S

5 Evaluate:

s
R E(u

b 3 s0084 e Ss)
Z Z
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6 How many terms of the series 11+16+21+26+ ... are needed to exceed a sum of 4507
7 £12500 is invested in an account which pays 8.25% p.a. compounded. Find the value of the
investment after 5 years if the interest is compounded:
a halfyearly b monthly.
8 The sum of the first two terms of an infirite geometric series is 90. The third term is 24.

a Show that there are two possible series. Find the first term and the common ratio in each
case.

b Show that both series converge and find their respective sums.

9 Seve is trining for a long distance walk. He walks for 10 km in the first week, then each week
thereafier he walks an additional 500 m. If he continues this pattem for a year, how far does
Seve walk:

a in the last week b intoul
10 a Under what conditions will the series 3~ 50(2z — 1)*} convergs?
Explain your answer. =
b Find 3 50(20— 1)~

“

if 2=03.
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EXERCISE 6B
1 A sequence is defined by 1w, =3n—2. Find:

au b oug




