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There are TWO ways to solve simultaneous equations:
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1. Solution by Substitution
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2. Solution by Elimination (refer to page #1)
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SOLUTION BY ELIMINATION

In many problems which require the simultaneous solution of linear equations, each equation
will be of the form az-+by = c. Solution by substitution is often tedious in such situations
and the method of elimination of one of the variables is preferred.

In this method, we make the coefficients of z (or ) the same size but opposite in sign and
then add the equations. This has the effect of eliminating one of the variables.

The method of elimination uses the fact that: if a=b and c=d then a+c=b+d.
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Solve simultaneously by substitution: y =z +5

3z-y=1
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Solve simultaneously by substitution: ~ —2y+z =5
z=T+3y
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EXERCISE 17A.1

1 Solve simultaneously:

az=8-2% b y=4+z
22 +3y=13 5z—3y=0
d 142y e 3z-2y=8
-2 z=3y+12
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2 Solve simultancously:
az=-1-2%
2-3y=12
dy=>5z
Tz-2=3
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8 Ty 0 solve by substitution: =321 and =3z d.
b What i the simltaneous solstion for the ceuations i 7

5 Try to solve by substtution: =321 and 2y =622
5 How many simltancous solutions o the cuations i & have?
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‘There is always a choice whether to climinate z or y, 5o our choice depends on which variable
i caie o climinate.
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Solve simultaneously, by elimination: 3z +2y =5
z-2%=3
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In problems where the coefficients of z (or y) are not the same size or opposite in sign, we
may first have to multiply each equation by a number.

Solve simultancously, by elimination: 3z +2y = 8
22 -3y=1
|
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EXERCISE 17A.2
1 What equation results when the following are added vertically?
a 5z+3y=12 b 2z45y=-4 € 4z—-6y=9
z—-3y=—6 —2z—6y=12 T4+6y=-2
d 12z +15y =33 e 5z+6y=12 t -Tz+y
—18z — 15y = —63 —5z+2y=-8 Tz -3y =
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Solve the following using the method of elimination:
a 2r4+y=3 b 4zx+3y=7 € 2z+5y=16
6z — 3y = —27 —22—Ty=-20

e dz-Ty=41 t —dz+3y=-25
3z+7Ty 4z —5y=31





image15.png
3 Give the equation that results when both sides of the equation:
a 3z+4y=2 are multiplied by 3 b z—dy="7 are multiplied by -2
¢ 5z—y=-3 aremultipliedby5  d 7z+3y=—4 are multiplied by -3
e —2z-5y=1 aremultipliedby —4 f 3z—y=—1 are multiplied by —1
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& Solve the following using the method of elimination:
a 4z-3y=6 b 2-y=9 € 3r+dy=6
—2z45y=4 z+4y =36 -3y
e 4z-3y=6 t Tr-3y=29
3z +4y+14

I 3z+4y+11
52+6y+7=0
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[ PROBLEM sOLVING

Many problems can be described mathematically by a pair of linear equations, or two
equations of the form az + by = ¢, where z and y are the two variables or unknowns.

We have already seen an example of this in the Investigation on page 354.
Once the equations are formed, they can then be solved simultaneously and thus the original
problem solved. The following method is recommended:
Step 1:  Decide on the two unknowns; call them z and , say. Do not forget the units.
Step 2:  Write down two equations connecting z and y.
Step 3:  Solve the equations simultaneously.
Step 4: Check your solutions with the original data given.
Step 5 Give your answer in sentence form.
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‘The form of the original equations will help you decide whether to use the substitution method,
or the elimination method.
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“Two mumbers have 8 difernce of 7 and an averageof 4. Fin the numbers.
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EXERCISE 178
1 The sum of two mumbers s 47 snd teir diffrence is 14. Find the mumbers.
9 Find two numbers whos diference s 3 and sversge i 5

3 “The largr of two sumbers i four tmes the smallr, and ther sum i 85. Fid the two.
sz
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While shopping, Ken noticed that 8 peaches and 4 plums would cost £4.60 whereas 6
peaches and 7 plums would cost £4.85.

Find the cost of each peach and each plum.
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& At the local stationery shop, five pencils and six biros cost a total of €4.64, and seven
pencils and three biros cost a total of €3.58. Find the cost of each item.

5 Seven toffees and three chocolates cost a total of $1.68, whereas four toffees and five
chocolates cost a total of $1.65. Find the cost of each of the sweets.
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Colin has a jar containing only 5-cent and 20-cent coins. In total there are 31 coins
with a total value of $3.50. How many of each type of coin does Colin have?
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6 1have only 50-cent and S1 coins in my purse. There are 43 coins and their total value
is $35. How many of each coin type do I have?

7 Amy and Michelle have €29.40 between them. Amy’s money totals three quarters of
Michelle’s. How much money does each have?




image25.png
8 Margarine is sold in either 250 g or 400 g packs. A hotel ordered 19.6 kg of margarine
and received 58 packs. How many of each type did the hotel receive?

9 Given that the triangle alongside is equilateral,
find a and b.

(b+2)em (a+4)em

(4a-b)em

10 A rectangle has perimeter 32 cm. If 3 cm is taken from the length and added to the
width, the rectangle becomes a square. Find the dimensions of the original rectangle.
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A boat travels 24 km upstream in 4 hours. The return trip downstream takes only 3
hours. The speed of the current is constant throughout the entire trip.
Find:

a the speed of the current b the speed of the boat in still water.
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11 A motor boat travels at 12 kmh~! upstream against the current and 18 kmh™! down-
stream with the current. Find the speed of the current and the speed of the motor boat
in still water.

12 A jet planc made 2 4000 km trip downwind in 4 hours, but required 5 hours to make the
refurn trip. Assuming the speed of the wind was constant throughout the entire journey,
find the speed of the wind and the average speed of the plane in still air.

13 A man on foot covers the 25 km between two towns in 32 hours. He walks at 4 kmh~!

for the first part of the journey and runs at 12 kmh~? for the remaining part.
a How far did he run? b For how long was he running?

14 a Explain why any two digit number can be written in the form 10 +b.
b A number consists of two digits which add up to 9. When the digits are reversed,
the original number is decreased by 45. What was the original number?
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A QUADRATIC MEETING A LINEAR FUNCTION
So far we have only considered simultancous equations that are linear. This means that both
equations can be written in the form az +by = ¢ where a, b and c are constants.

In this section we consider non-linear equations. In some situations we can still solve the
equations simultancously by substitution. In other situations we can solve the equations
simultaneously using a computer graphing package.

Consider the graphs of a quadratic function and a linear function on the same set of axes.
There are three possible scenarios:

VANV

missing
(2 points ofintersection) (1 point of intersection) (o points of intersection)

The coordinates of any points of intersection can be found by solving the two equations
simultaneously.
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Find algebraically the coordinates of the points of intersection of the graphs with
equations y=22—z—18 and y=z-3.
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EXERCISE 17C.1
1 Find algebraically the coordinates of the points of intersection of the graphs with

—32+2 and y=22-4
24+22+3 and y=9z-5
¢ y=2>+92+7 and y=3z-2
d y=z2-z-5 and y=3z—-9
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SOLVING NON-LINEAR EQUATIONS BY SUBSTITUTION

‘The following questions can all be solved by substituting an expression for a variable from
one equation into the other equation.
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EXERCISE 17€.2

1 Find algebraically the coordinates of the points of intersection of the graphs with
equations:
a y=2?—4z+3 and y=22+2—6
b y=2242-2 and y=22+5c-6

4
€y=2+2 amd y=_

2

d y=3c—1 and y=3+

2 Solve simultancously:
ay-1y?=z and z—y=-1
b 2?=1+1y"—4y and y+z=2
¢ 22+y2=24 and y=2?
d (z-y)?=4y and 2w+y=7
2 gyt v:

ey=2 _s-1
¥=z mie
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SOLVING SIMULTANEOUS EQUATIONS USING TECHNOLOGY
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For example, the screen-shot below shows the points of intersection of the circle
22432 =4 andtheline y=—a.
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EXERCISE 17€.3

1 Find the coordinates of the points of intersection of the graphs with equations:

ay=2 and y=2+3 by=ad+2 and y=o+1

cy=2 ad y—2+3 dy=z?-otl md y=->
z z

e y=— and y=o?+2-8 1 22+y2=4 md 2+27=6

7

2 Solve simultancously:
ay=VE—2 and 22+32=10 b y=2? and z=92+1
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REVIEW SET 17A

1

Solve by substitution: y =2z — 7 and 2z + 3y = 11.
Solve simultancously: @ y=2z—5 b 3z+5y=1
3z-2y=11 dr-3y=11

Flour is sold in 5 kg and 2 kg packets. The 5 kg packets cost €2.75 cach and the
2 kg packets cost €1.25 each. If I bought 67 kg of flour and the total cost was
€38.50, how many of each size of packet did I buy?

Find the coordinates of any point @ y =3z +2 b 2:-3y=18
‘where these line pairs meet: y=3z-1 4z+5y=-8
Find the perimeter of the given rectangle. 24345
Your answer must not contain z or y.
x+y+3 A-y+6
Ix-y+16

Sally has only 10-pence and 50-pence coins in her purse. She has 21 coins altogether
with a total value of £5.30. How many of each coin type does she have?

Find algebraically where the line with equation y = 2z —3 meets the parabola
with equation  y = 222 — 3z — 10.
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REVIEW SET 17B

1 Solve by substitution: y = 11— 3z

4z +3y=-7
2 Solve simultaneously: @ 3z —2y = 16 b 3z-5y=11
y=22-10 dz+3y=5

3 A bus company uses two different sized buscs. The company needs 7 small buses
and 5 large buses to transport 331 people, but needs 4 small buses and 9 large buses
to carry 398 people. In these situations all of the buses arc full. Determine the
‘number of people cach bus can carry.

& Find the coordinates of any point @ y=2z+5 b 3z+7y=—6
‘where these line pairs meet: y=22+15 6z+5y =15
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5 Orange juice can be purchased in 2 L cartons or in 600 mL bottles. The 2 L cartons
cost $1.50 each and the 600 mL bottles cost $0.60 each. A consumer purchases
73 L of orange juice for a total cost of $57. How many of each container did the
consumer buy?

6 shyel ‘The perimeter of this isosceles triangle is
29 cm.
2-y44 Find the length of the equal sides. Your
Bm o) answer must not contain z or y.

7 Find algebraically the points of intersection of the parabolas with equations
y=222+3z—1 and y=5—22.
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EXERCISE 16F MENSSS——
Gor—9 2 Tor—6 3 3ors & Band—3
1and 2 or 2and —11

az=12 bz=5+/0~134 cz=3
73cm 1230m, 143cm 8 Som 9 120m x 180m
10 20mx 12m o 6mxd0m

11 9mx12m or 6mx 18m 12 1l rows

13 between 200 and 500 items 14 40y10~ 1265 m

REVIEW SET 164 M
1 az=3/11 b z=9or—1
2 az=Tor-3

No wa

€ no solutions

ba-for—§ cao-6or—d

do--3ol eo-Sor3  fo--Zord

3 nosolutions & 20em x 13em 5z ZFord
s

623 7
REVIEW SET 168 s

az=—lor2 b nosolutions

1 az=—x13 ba=-3ViT ¢ nosolutions

2 az=llor—3 baz=——8ord cz=5
do=—8or3 ez=—=3 fo=

3 2=1:VI0] 4 9emx12ecm 5 205

6 8om, 15 cm, 17cm

7 a nosolutions b o 8 dor—3

_1eyiT
10
EXERCISE 17A.1 NS
bem6y=10 €z=2y=-6
ezoOy-—1 ta-2y-3

az=2y=3
da=4y=2}

2 as-3y-—2 bao-fy-4& co-3y-4
do-—ly=—5 ez=5y=1 fo=ty-—4

3 2 obwin 1=4 b mosolution

4 aobuin 2=2 b aninfiitc number of soutions

12 wind 100 kmh~", plane 900 kmh~"
13 2 15km b 1h15min
14 a ‘ab’ has 105 digit o and units digit b and so is rally 10a-+b
b 72
EXERCISE 17C.1 —
1 a intersect at (2, 0) and (3, 2)
b intersectat (1, 4) and (=8, —77)
d touch at (2, —3)
2 On substituting the resulting quadratic cquation is
22 +62+10 = 0. On completing the square it becomes
(z+3)2=—1 which s impossible as the LHS is never
negative.
graphs never meet,
EXERCISE 17C.2 I—
1 a They touch at (3, 9).
b They intersect at (—4, 6) and (1, 1)
© They intersect at (~2, ~2) and (1, 4).
d They intersect at (2, 5) and (4, 0).
a
<
d
e

© touch at (=3, ~11)

b No solutions exist.

1 a Approx (~1.30,1.70) and (2.30, 5.30)
b Approx (0.682,1.682) ¢ (=2, —1) and (§,4)

d (-1,3)
@ Approx (~4.02,0.124), (0.225, ~7.50), (1.36, ~3.44),
(2.44,2.82)
1 Approx (~1.41,1.41), (141, 1.41), (~1.41, ~1.41) and
(141, -1.41)
2 aza-179, ym261 or 28279, Y149

® nosolution
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EXERCISE 17A.2 B REVIEW SET 174 B
Tinte Tl Ha Te=4y=1 2 az=—Ly=—7 be=2y=—1
3 9of5ke 11of2kg 4 a nosoluon b (3, —4)
2 ay--lz= bz=—2y=5 5 78units 6 13, 10-pence coins; 8, 50-pence coins
ca-sy-2 do--2y--1 : -
ez=5y= tz=4y=-3 7 G4 md (-1, -5)
3 aserimeo [t REVIEW SET 178 S
< 2oy =15 d 2z-gy-12 To=8y=—18 2 az=4y=-2 bo=2y
€ 8rs20y=—4 tsety=1 3 small buses 23, large buses 34
W oas-8y=2 ba-8y=7 co-—2y=3| 4 aThydomoimet b (53
do-2y-1 es—3y=2 tz—2y=—5| 5 32002 Lcuons, L5 of 600 mL botts
sz=5y=2 he=dy=1 lo=19y=-17 | 6 12em 7 (1L4) and (-2.1)
5 a infinits mumber of soluions b no solution EXERCISE 194 mammmmm—
EXERCISE 170 NN 1 a1x3 b2x1 ¢2x2 d2x3
1 303md 16} 2 6band3t 3 17ands 2 a1 b4 co
4 pencils €0.28, biros €0.54 12\ — Heos,
5 toffees, 15 cents; chocolates 21 cents 38 HESDo oy 8 " pend
616 50-cent coins, 27 $1 coins (6 35 4) 8oy
7 Amy, €12.60; Michelle, €16.30 W e s s
8 24,230 g packs; 34, 400 g packs (m p ,5) @
9 a=3,b=5 10 length 11 cm, width 5 cm 2 3 3| Su
1 current 3 k=", boat 15 kmh—* 2% 25 25) Mo
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If we have two equations and we wish to make both equations true at the same time, we

require values for the variables which satisfy both equations. These values are the
simultaneous solution to the pair of equations.

Notice that if z=5 and y=2 then:
e z+y=(5)+(@2) =7
o 22+3y=2(5)+3(2)=10+6=16

So, z=5 and y=2 is the solution to the simultaneous equations { lzz++3: - Z N
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SOLUTION BY SUBSTITUTION

The method of solution by substitution is used when at least one equation is given with
cither z or y as the subject of the formula. We substitute an expression for this variable into

the other equation.
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