Topic 3—Circular functions and trigonometry, Part 1
The unit circle and radian measure
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DEGREE-RADIAN CONVERSIONS
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= mdians = 180°.
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°~573° and 1° = (g5)° = 0.0175¢,
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Convert 45° to radians in terms of 7.
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Angles in radians.
may be expressed
cither in terms of
7 or as decimals.
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Convert 126.5° to radians.
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EXERCISE 8A
1 Convert 1o radians, in terms of 7

a 90° b 60° © 30° e 9
£ 135° g 225° h 270° i 7200
k 315° 1 540° m 36° o 230°

2 Convert o radians, comrect to 3 significant figures:
a 3670 b 13720 ¢ 3179 d 219.6° e 396.7°
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Convert
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3 Convert the following radian measures t© degrees:

° % b ¥ <=
tE T & "

.
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Convert 0.638 radians to degrees.
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4 Convert the following radians to degrees. Give your answers correct o 2 decimal places.
a2

b 15

© 0867

5 Copy and complete, giving answers in terms of 7

d 3179

5.267

Degrees| 0 | 45 | 90 [ 135] 180 [ 225 270 315
“Radians
Degrees | 0 | 30 [ 60 [ 90 [ 120 ] 150 [ 180 [ 210 [ 240

270 [ 300

Radians
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You should be familiar with these terms relating to the
parts of a circle:

An arc, sector, or segment is described as:
o minor if it involves less than half the circle
o major if it involves more than half the circle.

For example: minorareAB___A
minor segment (black)

major segmént
major are AB (red)
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ARC LENGTH

A In the diagram, the arc length AB is L. Angle 6 is measured

in radians. We use a ratio to obtain:
_uclengh 0
Greumference | 27
LR
I 2

o ol=6r

For 6 in radians,  arc length 1 = Or.
For 6 in degrees, arc length 1
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AREA OF SECTOR

X In the diagram, the area of minor sector XOY is shaded. 6 i
‘measured in radians. We use a ratio to obtain:

For § in radians,  area of sector A = 10r?.
For 6 in degrees, area of sector A = g X wr?.
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A sector has radius 12 cm and angle 3 radians. Find its:
a arc length b ara
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EXERCISE 8B
1 Use radians to find the arc length and area of a sector of a circle of:

a radius 9 cm and angle 2 b radius 4.93 cm and angle 467 radians.
2 A sector has an angle of 107.9° and an arc length of 5.92 m. Find its:
a radius b area

3 A sector has an angle of 119 radians and an area of 20.8 cm?. Find its:
a radius b perimeter.
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Find the area of a sector with radius 8.2 cm and arc length 13.3 cm.
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Find, in radians, the angle of  sector of
a radius 4.3 m and arc length 2.95 m b radius 10 cm and area 30 cm®.

Find 0 (in radians) for each of the following, and hence find the area of each figure:
317am

Find the arc length and area of a sector of radius 5 cm and angle 2 radians.
If a sector has radius 2¢ cm and arc length = cm, show that its area is 2% em?.
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8 The cone \ s made from this sector:

10

\

12em

Find comrect to 3 significant figures:

a the slant length s cm
© the arc length of the sector

b the value of
d the sector angle § in radians.

‘The end wall of a building has the shape illustrated, where
the centre of arc AB s at C. Fi
a ato4 significant figures

b 6104 significant figures
€ the area of the wall.

[AT] s a tangent to the given circle. OA = 13cm  and
the circle has radius 5 cm. Find the perimeter of the shaded
region.
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1 nautical mile (nmi)
11 A nautical mile (ami) is the distance on the Earth’s surface that
subtends an angle of 1 minute (or 2 of a degree) of the Great
Circle arc measured from the centre of the Earth.
Aknot is a speed of 1 nautical mile per hour.
a Given that the radius of the Earth is 6370 km, show that
1 nmi is approximately equal to 1.853 km.

b Caleulate how long it would tke & plane to fly from Perth
to Adelaide (a distance of 2130 km) if the plane can fly at
480 knots.

g

Assheep s tethered to a post which is 6 m from a long
fence. The length of rope is 9 m. Find the area which
the sheep can feed on.

.
g
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LE AND THE
C RATIOS
The unit circle i the circle with 1

centre (0, 0) and radius 1 unit.
—E‘ }1

T,
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CIRCLES WITH CENTRE (0, 0)
Consider a circle with centre (0, 0) and radius 7 units. Suppose
P(z, y) is any point on this circle.

Since OP =r,

VE— 0P+ -0 =r {distance formula}
noat

yter?

s the equation of a circle with centre (0, 0) and radivs 7.
‘The equation of the unit cirele is z* +37 = 1
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ANGLE MEASUREMENT

Suppose P lies anywhere on the unit circle and A is (1, 0).
Let 6 be the angle measured from [OA] on the positive z-axis.

fis positive for anticlockwise rotations and
negative for clockwise rofations.

For example, §=210° and ¢ = ~150°.
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DEFINITION OF SINE AND COSINE u
Consider a point P(a, b) which lies on the unit circle in the _
first quadrant.[OP] makes an angle 6 with the z-axis as shown.

Using right angled triangle frigonometry: P(a.b)

In general, for a point P anywhere on the unit circle:

o cosf is the z-coordinate of P

/
N

o sin@ is the y-coordinate of P
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‘We can hence find the coordinates of any point on the unit circle with given angle § measured from the
positive z-axis.

For example: B

(cos 165" 5in165°)

(cos 327, sin327°) or
(cos(—33°),sin(~33) )

(cos255° sin2557)

Since the unit circle has equation 2% + 3% =1, (cosf)? + (sinf)> =1 forall 6.

‘We commonly write this as. cos?0 + sin? 0

For all points on the unit circle, ~1<z<1 and -1<y<1

So, —1<cosf<1 and —1<sinf<1 forallf
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DEFINITION OF TANGENT
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AQ=tans,
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o sinf, cosf, and tan 6 are positive in quadrant 1
 only sinf is positive in quadrant 2

« only tan6 is positive in quadrant 3

o only cosf is positive in quadrant 4.

We can use a letter to show which trigonometric ratios are
positive in each quadrant. The A stands for all of the ratios.

You might like to remember them using
All Silly Turtles Crawl.
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Use a unit circle diagram to find the values of cos(~270°) and sin(—270°).
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PERIODICITY OF TRIGONOMETRIC RATIOS
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For 6 in radians and k € Z,
cos (0 + 2kw) = cos§ and sin (0 + 2kw)

sinf.

(a.b)

(—a, b

]

For 6 in radians and k € Z, tan(6 + kr) = tan .
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EXERCISE 8C

1 For each unit circle illustrated:

state the exact coordinates of points A, B, and C in terms of sine and cosine
use your calculator to give the coordinates of A, B, and C correct to 3 significant figures.

2 With the aid of a unit circle, complete the following table:

6 (degrees) | 0° | 90° | 180° | 270° | 360° | 450°
6 (radians)
Sine
cosine

tangent
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Use your calculator to evaluate: i Jx

Copy and complete the following table. Use your calculator to evaluate the frigonometric ratios,
then a to write them exactly.

Use your calculator to evaluate:
i sin100° sin80°
v sinl150° Vi sin30°
Use the results from a to copy and complete:
sin(180° — 6)
Justify your answer using the diagram alongside:

sin60°
sin135°

sin120°
sin45°

Find the obtuse angle with the same sine as:
i 45° 51° iv

o
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5 a Use your calculator to evaluate:

i cosT0°
v cos25°

b Use the results from a to copy and complete:

cos(180° — ) =

¢ Justify your answer using the diagram alongside:

cos 110°
Vi cos155°

d Find the obtuse angle which has the negative cosine of:

i 40° i 19°

6 Without using your calculator, find:
a sin137° if sind3° ~ 0.6820
© cosl43° if cos37° ~ 0.7986
e sinll5° if sin65° ~ 0.9063

7 a Copyand complete:

[

b sin59°
d cos24°
1 cos132°

v cos120°

cos100°

if sin121° ~ 0.8572
if cos156° ~ —
if cosd8° ~ 0.6691

135

Quadrant | Degree measure | Radian measure | _cosf | sin6_| tanf)
1 0°<6<9%° | 0<0<F | positive | positive

2

3

1





image46.png
In which quadrants are the following true?
cosf is positive. i
cos and sin are both negative. iv

If AOP = 6 and BOQ = 6 also, what is
the measure of AOQ?
Copy and complete:

[0Q] is a reflection of [OP] in the .....

and so Q has coordinates .....

What trigonometric formulae can be deduced
from a and b?

cosé is negative.
cos s negative and sinf is positive.
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9 a Copy and complete:

6° | sin6 | sin(—6) | cos8 | cos(—6)
0.75
1772
3414
6.25
-117

b What do you suspect s fru from a for a general angle 67
The coordinates of P in the figure are (cosf), sin6).

i By finding the coordinates of Q in terms of  in
two different ways, prove that your suspicion in b is
correct.

Hence explain why  cas(2r — 6) = cosf.
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APPLICATIONS OF THE UNIT CIRCLE




image49.png
Find exactly the possible values of cos@ for sinf = %. Illustrate your answers.
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EXERCISE 8D.1
1 Find the possible exact values of cos for:
a sinf=1 b sing

¢ sing=0

2 Find he possivl exct valuesof s for
@ cosf=4 bocost=—% ¢ cosf=1 d cosd=0
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and 7 <0 < %, find cosf and tan . Give exact values.
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3 Without using a calculator, find:
and 0<0<3
and ¥ <0<

a sinf if cosd

© cosh if sind

b cosf if sinf
d sind if cosf

=
.
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If tanf=—2 and 4 << 2r, find sin@ and cosf. Give exact answers.
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F<o<w find tanz exactly
¥ <z<2r, find tanz exactly

and
and
and w<z<i, find tanz exactly
and

F<o<w find tanz exactly

5 Find exact values for sinz and cosz given that
atanz=% and 0<z<§ b tanz = —

ad <o<n

¢ tanz

2 and m<z< B d tanz = —%2 and ¥ <z<2r

6 Swpose tanz =k where k is a constant and 7 <z < . Wite expressions for sinz and
cosz in terms of k.
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FINDING ANGLES WITH PARTICULAR TRIGONOMETRIC RATIOS
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Find the two angles 6 on the unit circle, with 0 <0 <2, such that
3

a cosf=1 b sing ¢ tanf =2
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) Self Tutor

Find two angles 6 on the wnit circle, with 0< 0< 27, such that
a sinf=—04 b cosf =} < tanf
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0.322
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EXERCISE 8D.2
1 Find two angles 6 on the unit circle, with 0 < 0 < 2, such that
a tanf=4 b cos0 =083

d cosf=0
g sind =

2 Find two angles 0 on the unit circle, with 0 < < 27, such that

a cosf=—} b sing=0

d sinf = —0.421 e
va

—6.67

g tanf=
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MULTIPLES OF T AND 7
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,3.2,3.3

Radian measure

Arc length and sector area
The unit circle and the
trigonometric ratios
Applications of the unit circle
Multiples of £ and £

The equation of a straight line
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MULTIPLES OF 7 OR 45°
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For multiples of I, the number % is the important

thing to remember. The signs of the coordinates arc
determined by which quadrant the angle is in.
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MULTIPLES OF Z OR 30°
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0°.

o
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You should remember these values. If you forget, divide in two an
equilateral triangle with side length 2.
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For multiples of &, the numbers & and %2 are
important. The exact coordinates of cach point
are found by symmetry.
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RADIAN MEASURE
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SUMMARY

o For multiples of %, the coordinates of the points on the unit circle involve 0 and +1.

o For other multiples of ., the coordinates involve +-

 For ofher multiples of £, the coordinates involve =4 and +¥2.




image75.png
Example 13 ) Self Tutor

Find the exact values of sina, cosa, and tana for a =&,
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Find the exact values of sin 4%, cos4E, and tan 4.
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EXERCISE 8E

1 Use a unit circle diagram to find exact values for sinf, cosf, and tan@ for § equal to:

= 2 m
a3 b ¢z

0 dn e
2 Use a unit circle diagram to find exact values for sinf}, cos§, and tanf for § equal to:
ag b oF <z dF e Uz

3 Find the exact values of:

a cos120°, sin120°, and tan120° b cos(~45°), sin(~45°), and tan(-45°)
4 a Find the exact values of cos90° and sin 90°.

b What can you say about tan 90°?
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Without using a calculator, show that  8sin(.

&
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5 Without using a calculator, evaluate:

a sin?60° b sin30° cos60°

d 1—00?(;—’) e smz(z_T")—l

3 sin(2) —cos(3) b2

i tan®(§) - 2sin*(§) k 2tan(—&F) - sin(3F

Check all answers using your caleulator

€ 4sin60° cos 30°
f cos’(§) —sin(FF)

i cos?(5F) —sin®(§F)

2tan150°

tan? 1500
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Find all angles 0 < 6 < 2r with a cosine of §.
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10

Find all angles between 0° and 360° with:

a asincof 3 b asineof & ¢ acosine of J
d a cosine of ~% e a cosine of —dx f asine of -

Find all angles between 0 and 2 (inclusive) which have:

a atangentof 1 b atangent of —1 < atangent of v/3
d a tangent of 0 © a tangent of 5= 1 a tangent of —/3

Find all angles between 0 and 47 with:
a a cosine of Y2 b asincof -1 ¢ asine of -1

Find §if 0<f<2r and:

b sing= L ¢ cosf=-1 d sinf=1
f sin20=1 3 cosf= hocostf=}
i tan?6=3

Find all values of  for which tanf is:  a zero b undefined.
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THE EQUATION OF A STRAIGHT LINE
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If a straight line makes an angle of 6 with the posifive z-axis then its gradient is m = tan 6.

Proof:
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RADIAN MEASUREMENT OF ANGLES
An angle s said to have a measure of 1 radian (1°) if it is subtended at the

are centre of a circle by an arc equal in length to the radius.
length The symbol “c" is used for radian measure .
but is usually omitied. By contrast, the /
T degree symbol i always used when the \
‘measure of an angle is given in degrees .
From the diagram t the right, it can be seen that 1° s slightly smaller N
than 60°. In fuct, 1% 57.3°.

The word ‘radian’ is an abbreviation of ‘radial angle’. -
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Find the equation of
the given line:
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EXERCISE 8F
1 Find the equation of each line:

a v b
s
2 Find the equation of each line:
a v b
a

AN
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REVIEW SET 8A

1 Convert these to radians in terms of 7:
a 120° b 225° € 150° d 540
2 Find the acute angles that would have the same:
a sincas 3 b sine as 165° € cosine as 276°.
3 Find:
a sinl59° if sin21°~0.358 b cos92° if cos88° ~0.035
€ cosT5 if cos105° &~ ~0.259 d sin(-133°) if sind7°~0.731.

4 Usea unit circle diagram to find:
a cos360° and sin360° b cos(—) and sin().

5 Explain how to use the unit circle to find 6 when cosf = —sinf, 0 <6< 2.

6 Find exact values for sinf, cosf, and tanf for 6 equal to:

P P
a3 L
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If sinz=-} and 7<z<¥, find tanz exactly.

If cosf=% find the possible values of sinf.

Evaluate:

a 2sin(3) cos(3) b tan’(§)-1 € cos’(F) —sin’(F)
Given tanz=-% ad ¥ <z<2r find a snz b cosz

Find the perimeter and arca of the sector.

1
Suppose cosf— YA and i acute. Find the exact value of tan.
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REVIEW SET 8B
1 Determine the coordinates of the point on the unit circle corresponding to an angle of:

a 3200 b 163°
2 Convert to radians to 4 significant figures:
a 71° b 124.6° © —142°
3 Convert these radian measurements to degrees, to 2 decimal places:
a3 b 146 € 0435 d 5271
4 Determine the area of a sector of angle 35 and radius 13 cm. o
5 Find the coordinates of the points M, N, and P on the
unit circle.

6 Find the angle [OA] makes with the posifive z-axis if the z-coordinate of the point A on the
unit circle is —0.222.

7 Find all angles between 0° and 360° which have:
a a cosine of — b asine of 1o ¢ atangentof —/3

8 Findffor 0<6<2m

a cosf=—1 b sin?f
9 Find the obtuse angles which have the same:
a sine as 47° b sincas < cosine as 186°

10 Find the perimeter and area of a sector of radius 11 cm and angle 63°.
11 Find the radius and arca of a sector of perimeter 36 cm with an angle of 2£.
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10 Simplify:
a sin(r—6) - sinf b cosftand
1 v a Find the equation of the line drawn.

b Find the exact value of k given the point (%, 2)
lis on the line.
30° -

12 Three circles with radius r are drawn as shown, each
with its centre on the circumference of the other two
circles. A, B and C are the centres of the three circles.

Prove that an expression for the area of the shaded
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12 Find two angles on the unit circle with 0 < 6 < 2, such that:

a cosf=2 b sinf=-1

= 4 ¢ tanf=3

REVIEW SET 8C
1 Convert these radian measurements to degrees:

P = =
a6y R <5 d

<

2 llustrate the regions where sinf and cosf have the same sign.
3 Use a unit circle diagram to find:

a cos(¥) and sin(%) b cos(—%) and sin(-%)
4 Suppose m=sinp, where p is acute. Write an expression in terms of m for:
a sin(r—p) b sin(p+2m) ¢ cosp d tanp
5 » a Sate the value of § in:
i degrees i radians.
\ b State the arc length AP.
A ¢ State the area of the minor sector OAP.

6 Without a calculator, evaluate tan?(3%
V2.

3, Z<f<nm find the exact value of:
a sinf b tanf

8 If cosf=

9 Without using a calculator, evaluate:
a tan?60° — sin 45° b cos?(%) +sin(F)





