Topic 3—Circular functions and trigonometry, Part 2
Non-right angled triangle trigonometry
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Area= ZabsinC.
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Given the lengths of two sides of a riangle, and the size of the

included angle between them, the arca of the riangle is
half of the product of two sides and the sine of the
included angle.
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Find the ara of triangle ABC.
A
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A triangle has sides of length 10 cm and 11 cm and an area of 50 cm?. Determine the two possible
‘measures of the included angle. Give your answers accurate to 1 decimal place.
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EXERCISE 9A
1 Find the area of

a . b . 3
102em
25km
Toem
Cem
2 If triangle ABC has area 150 cm?, A
find the value of z: 17em
B
Tan ¢

3 A parallelogram has two adjacent sides with lengths 4 cm and 6 cm respectively. If the included
angle measures 52°, find the area of the parallelogram.

4 A thombus has sides of length 12 cm and an angle of 72°. Find its area.
5 Find the area of a regular hexagon with sides of length 12 cm.

6 A thombus has an area of 50 cm? and an internal angle of size 63°. Find
the length of its sides.

7 A regular pentagonal garden plot has centre of symmetry O and an area of
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@ Find the possible values of the included angle of a triangle with:
a sides of length 5 cm and 8 cm, and area 15 em?
b sides of length 45 km and 53 km, and area 800 km?.

9 The Australian 50 cent coin has the shape
of a regular dodecagon, which is a polygon
with 12 sides.

Eight of these 50 cent coins will fit exactly
on an Australian S10 note as shown. What
fraction of the $10 note is nof covered?

10 Find the shaded area in:
a b

2am
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1 ADB is an arc of the circle with centre C and radius
7.3 cm. AEB is an arc of the circle with centre F and
radius 8.7 cm.

Find the shaded arca.
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THE COSINE RULE
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The cosine rule involves the sides and angles of a triangle.
In any AABC: a? = b +¢* — 2bccos A
or b =a?+c? —2accos B
or ¢ =a’+b? —2abcosC
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The cosine rule can be used to solve problems involving triangles given:
o two sides and an included angle o three sides.
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Find, correct to 2 decimal
places, the length of [BC].
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cosC =

a?+b? -
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In triangle ABC, AB =7¢m, BC =5 cm, and CA =8 em.
a Find the measure of BCA. b Find the exact area of triangle ABC.





image20.png
EXERCISE 9B
1 Find the length of the remaining side in the given triangle:

a b <
A 15 em Q K
B 48km
2 em R 62m,
Takm
c 3 v TEm M
2 Find the measure of all angles of: 3 a Find the measure of obtuse POR.
. b Hence find the arca of APQR.
»
126m, e e
A T3em B R
Tom

4 a Find the smallest angle of a triangle with sides 11 em, 13 em, and
17 em.
b Find the largest angle of a riangle with sides 4 cm, 7 em, and 9 em.

5 a Find cosf but not .
b Find the value of . dem, 20m
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6 Find the exact value of z in each of the following diagrams:

b 3
Gom Tem Sem v Sem
3em
60° 1200 60°
Tam Tom Zrem
7 Solve the Opening Problem on page 214.
8 Find z in each of the following diagrams
b
vem em 1Bem
5em
e 130°

Som
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9 Show that there are two plausible values
for z in this triangle:

Gem
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THE SINE RULE
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In any triangle ABC with sides a, b, and c units in length,
and opposite angles A, B, and C respectively,

sindA _sinB _sinC | _a _ b _ _e
T b e SnA  EnB  smC
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The sine rule is used to solve problems involving triangles, given:
o two angles and one side o wo sides and & non-included angle.
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Find the length of [AC] correct
0 two decimal places.
12em
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EXERCISE 9C.1

1 Find the value of z:
a b <
1em
A8km

2em,

Tkm

2 Consider triangle ABC.
a Given A=63°, B=49°, and b=18cm, finda.
b Given 4=82°, C'=25°, and cm, find b.
¢ Given B=21° C=4°, and a=64cm, findc.
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Find the measure of angle C'in triangle ABC if AC= 7 cm, AB = 11 cm, and angle B measures
25°.
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Find the measure of angle L in triangle KLM given that angle K measures 56°, LM = 16.8m,
and KM = 135 m.

sinL _ sin56°

K e S {by the sine rule}
i
135m 6.8
PRV ET L —
” P @ P
68 L4187 or 180° — 415°

L~418 or 138.2°
We reject L~ 138.2°, since 1382°+56° > 180° which is impossible in a triangle.
. L=418°, a unique solution in this case.
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EXERCISE 9C.2

1 Triangle ABC has angle B =40°, b=8cm, and ¢ = 11cm. Find the two possible measures
of angle C.

2 Consider triangle ABC.
a Given a=146cm b=17.4cm, and ABC =65°, find the measure of BAC.
b Given b=438cm, c=31.4cm, and ACB = 43°, find the measure of ABC.

65 km, c=48km, and BAC =71°, find the measure of ACB.

© Given
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Is it possible to have a triangle with the measurements
shown? Explain your answer. A

Given AD = 20 cm, find the magnitude of ABC and.
‘hence the length BD.

Find z and y in the given figure.
ym
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Triangle ABC has 4 = 58°, AB = 5.1 cm, AC = 8 cm, and BC = 6.84 cm.
a Find B correct to the nearest degree using the sine rule.
b Find B correct to the nearest degree using the cosine nule.

¢ Copy and complete: “When faced with using cither the sine rule or the cosine rule it is better
to use the .. as it avoids ...."

In triangle ABC, ABC = 30°, AC =9 cem, and AB =7 cm. Find the area of the triangle.
Find the exact value of z, giving your answer in
the form a + by/2 where a,be Q.

(z43)em
Gz-5)em
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USING THE SINE AND COSINE RULES
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Use the cosine rule when given:
o three sides o two sides and an included angle.

Use the sine rule when given
 one side and two angles

© two sides and a non-included angle, but beware of an ambiguous case which can oceur when
the smaller of the two given sides is opposite the given angle.
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) Self Tutor
I

The angles of elevation to the top of a mountain are
‘measured from two beacons A and B at sea

‘The measurements are shown on the diagram.
Ifthe beacons are 1473 m apart, how high is the mountain?
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EXERCISE 9D

1 Rodrigo wishes to determine the height of a flagpole.
He takes a sighting to the top of the flagpole from point
P. He then moves further away from the flagpole by
20 metres to point Q and takes a second sighting. The
information is shown in the diagram alongside. How
high i the flagpole?
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2 Q To get from P to R, a park ranger had to walk along a
1 m Gm path to Q and then to R as shown.
‘What is the distance in a straight line from P to R?

3 A golfer played his tee shot a distance of 220 m to point Al5m
A. He then played a 165 m six iron to the green. If the ST
distance from tee to green is 340 m, determine the angle 20m/
the golfer was off line with his tee shot i
4 A communications tower is constructed on top of a

tower  building as shown. Find the height of the tower
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5 Hikers Ritva and Esko leave point P at the same time. Ritva
walks 4 km on a bearing of 040°, then a further 6 km on &
bearing of 155°.

Esko hikes directly from P to the camp site

a How far does Esko hike?

b In which direction does Esko hike?

¢ Ritva hikes at 10 km h~" and Esko hikes at 6 km h~"

Who will arive at the camp site first?

How long will this person need to wait before the

other person arrives?

d On what bearing should the hikers walk from the camp
site to return to P?

6 A football goal is 5 metres wide. When a player is
26 metres from one goal post and 23 metres from the
other, he shoots for goal. What is the angle of view of the
‘goals that the player sees?

eoalpors | angle of view
i iy

Fom 2P payer

7 A tower 42 metres high stands on top of a hill. From a point some distance from the base of the
hill, the angle of elevation to the top of the tower is 13.2° and the angle of elevation to the bottom
of the tower is 8.3°. Find the height of the hill





image39.png
8 From the foot of a building I have to look 22° upwards
to sight the top of a tree. From the top of the building,
150 metres above ground level, I have to look down at an
angle of 50° below the horizontal to sight the tree top.

a How high is the tree?
b How far from the building is this tree?
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Find the measure of RPV.
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9 Find the measure of PQR in the rectangular Som Q
box shown.

10 Two observation posts A and B are 12 km apart. A third observation post C is located such that
CAB is 42° and CBA is 67°. Find the distance of C from A and from B.
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13

i

16

‘Stan and Olga are considering buying a 10km__R

sheep farm. A surveyor has supplied Q A hectare is equivalent to
them with the given accurste sketch. 100m X 100m.
Find the area of the propery, giving

your answer in:

@ kot b hectares. i [T 4
Thabo and Palesa start at point A. They cach walk in a straight ine at an Y.

angle of 120° to one another. Thabo walks at 6 kmh~" and Palesa walks
at 8 kmh~". How far apart are they after 45 minutes?

‘The cross-section design of the kerbing for a A
driverless-bus roadway is shown opposite. The
metal strip is inlaid into the concrete and is
used to control the direction and speed of the
bus. Find the width of the metal strip.

@

metalstrp
An orienteer runs for 43 km, then tums through an angle of 32° and runs for another 6 km. How
far is she from her starting point?

‘Sam and Markus are standing on level ground 100 metres apart. A large tree is due north of Markus
and on a bearing of 065° from Sam. The top of the tree appears at an angle of elevation of 25° to
Sam and 15° to Markus. Find the height of the tree.

A helicopter A observes two ships B and C. B is 23.8 km from the helicopter and C is 319 km
from it. The angle of view BAC from the helicopter to B and C, is 83.6°. How far are the ships
apart?
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REVIEW SET 9A
1 Determine the area of the triangle.

Sim

2 You are given enough details of a triangle so that you could use either the cosine rule or the
sine rule to find an unknown. Which rule should you use? Explain your answer.

3 Kady was asked to draw the illustrated triangle exactly.
a Use the cosine rule to find z. Sem Tem
b What should Kady’s response be?

4 A triangle has sides of length 7 cm and 13 cm, and its area is 42 em?. Find the sine of the
included angle.
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A

60°

A boat is meant to be sailing directly from A to B.
However, it travels in a straight line to C before the
captain realises he is off course. The boat is turned
through an angle of 60°, then travels another 10 km to
B. The trip would have been 4 km shorter if the boat had
‘gone straight from A to B. How far did the boat travel?

6 Show that the yellow shaded area is given by

a-%(

Bz

A —sin(

).

S
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REVIEW SET 9B
1 Determine the value of z:

a b
1om 15km.
13em 17km
19em R

2 Find the unknown side and angles: 3 Find the area of quadrilateral ABCD:

em

S A B
A Tem
98 em
em b
16em
s c

4 A vertical tree is growing on the side of a hill with gradient 10° to the horizontal. From a point
50 m downhill from the tree, the angle of elevation o the top of the tree is 18°. Find the height
of the tree.

5 From point A, the angle of elevation to the top of a tall buikding is 20°. On walking 80 m
towards the buikding, the angle of elevation is now 23°. How all is the building?

6 Peter, Sue, and Alix are sea-kayaking. Peter is 430 m from Sue on a bearing of 113°. Alix is
on a bearing of 210° and is 310 m from Sue. Find the distance and bearing of Peter from Alix.
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REVIEW SET 9C
1 Find the value of

a b can
13em
em 14em
Nem
19em
2 Find the value of z if the triangle has area 80 cm?. A
192em
c
T3em
B

3 Find the measure of EDG:

Pr— N
& 3m
. ¢
=
A 6m D
& Anke and Lucas are considering buying a block of B,

land. The land agent supplies them with the given
accurate sketch. Find the area of the property, giving
‘your answer in:

a m? b hectares.
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5 A family in Germany drives at 140 kmh~" for 45 minutes on the bearing 032°, and then
180 kmh~" for 40 minutes on the bearing 317°. Find the distance and bearing of the car from
its starting point.

6 Soil contractor Frank was given the following dimensions over the telephone:

‘The triangular garden plot ABC has CAB measuring 44°, [AC] is 8 m long, and [BC] s 6 m

long. Soil o a depth of 10 ¢m is required.

a Explain why Frank needs extra information from his client.

b Whatis the maximum volume of soil needed if his client is unable to supply the necessary
information?
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Syllabus reference: 3.6

Contents:
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B
4
D

Areas of triangles
The cosine rule

The sine rule

Using the sine and cosine rules
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AREAS OF TRIANGLES
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height =

P

1
i
d th

base base base

If we know the base and height measurements of a triangle we can calculate the area using
area = 1 base x height.
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USING THE INCLUDED ANGLE




