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GRAPHICAL SOLUTION OF TRIGONOMETRIC EQUATIONS

Sometimes simple trigonometric graphs are available on grid paper. In such cases we can estimate
solutions straight from the graph.
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| Example 1|

Solve cosz =04 for 0 <z <10 radians using the graph of y = cosz.





image9.png
y=04 meets y=cosz atA,B,andC. Hence z~ 1.2, 5.1, or7.4.
The solutions of cosz =0.4 for 0 <z < 10 radians are 1.2, 5.1, and 7.4.
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EXERCISE 11A.1

sin

Use the graph of y =sinz to find, correct to 1 decimal place, the solutions of:

a sinz=0.3 for

0<z<15

b sinz=-04 for

5<x <15,
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1- Y=Cosz
0.5
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1 3 4 5 9 10111213 14\ 15
05
-
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Use the graph of y = cosz

cosx = 0.4

for

0<z<10

cosx =

0.3

to find, correct to 1 decimal place, the solutions of:
for 4<z<12
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Use the graph of y =sin2z to find, correct to 1 decimal place, the solutions of:
0.7 for 0<z<16 sin2z = 0.3 for 0<z <16

sin 2z
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The graph of y=tanz is illustrated.

a Use the graph to estimate: i tanl
Check your answers with a calculator.

tan2.3

b Find, correct to 1 decimal place, the solutions of:
i tanz=2 for 0<a<8 i tanz=—14 for 2<a <T.
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SOLVING TRIGONOMETRIC EQUATIONS USING TECHNOLOGY
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When using a graphics calculator make sure that the mode is set to radians.
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Solve 2sinz —cosz=4—z for 0<z<2m.
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‘We need to use window settings just larger than the domain.
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EXERCISE 11A.2

1 Solve for = on the domain 0 <z < 12:

a sinz=0.431 b cosz=-08l4 ¢ 3tanz-2=0 |Makesureyoufind
all the solutions on

2 Solve for z on the domain —5 < z < 5: the given domain.
a 5cosz—4=0 b 2tanz+13=0 ¢ 8sinz+3=0
3 Solve cach of the following for 0 < z < 27

a sin(z +2) = 0.0652 b sin’z+sinz —1=0

2
[ ztan(a:—o):zz 6z +1 d 2sin(2z)cosz = Inz

4 Solve for z:  cos(z — 1) +sin(z + 1) =6z + 522 —2® for —2<z<6.




image19.emf

image20.png
Sometimes exact solutions are needed in terms of 7, and these arise when the solutions are multiples of
I or Z. Exact solutions obtained using algebra are called analytical solutions.
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Sometimes exact solutions are needed in terms of , and these arise when the solutions are multiples of
Z or Z. Exact solutions obtained using algebra are called analytical solutions.
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‘We use the periodicity of the trigonometric functions to give us all solutions in the required domain.
Remember that sina and cosa both have period 27, and tanz has period 7.
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For example, consider sinz = 1. We know from the unit circle that

a solution is z = Z. However, since the period of sinz is 2,

there are infinitely many solutions spaced 27 apart.
Ingeneral, =% +k2r is asolution for any k€ Z.

In this course we will be solving equations on a fixed domain. This
means there will be a finite number of solutions.

an
N
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Solve for z:  2sinz—1=0, 0<a<w
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Since the tangent function is periodic with period 7 we see that tan(z + 7) = tana for all values
of 2. This means that equal tan values are  units apart.




image28.png
Solve tanz+v3=0 for 0<az <4r.
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EXERCISE 11A.3
1 Solve for z on the domain 0 <z <

a 2cosz—1=0

4m:
b V2sinz =1

2 Solve for  on the domain —27 < x < 27

a 2sinz—+3=0

b 2cosz+1=0

3

tanz =1

tanz = —1
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Solve exactly for 0 < < 37

inz = —1 i =-1 — ) =—d
a sing =—j3 b sin2zx=—3 ¢ sin(z—§)=—3
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3 If 0 << 2r, whatare the possible values of:

a 2z b ¢ z+% dz-Z e 2z-%) -z

wls

4 If —7 <& <, whatare the possible values of:

a 3z b 2 ¢ r-% d 22+3 e -2 f 1-z

5 Solve exactly for 0 <z < 3

—1 —1
a cosz=j3 b cos2z =3
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Find exact solutions of v2cos(z —3£)+1=0 for 0<z<6m.
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6 Find the exact solutions of:

a cosa:_—— 0<z<bm

¢ 2cosz+V3=0, 0<z <3
e 2sin(z+%)=1, —3r<a<3n
9 3cos2r+3=0, 0<a<3m

i sin(d(z-3) =0, 0<z<7

b 2sinz—1=0, —360° < z < 360°
d cos(z—%F)=13, -2r<z <2

f V2sin(e—Z)+1=0, 0<z<3n
h 4cos3z+2=0, 1< <™

2sin(2(e - §)) = V3, 0<z<2m
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Find exact solutions of tan(2z —
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7 Find the exact solutions of tanz = 3 for 0 <& < 27 Hence solve the following equations
for 0<a<2m

a tan(z—Z) =3 b tandz =3 ¢ tan’z=3
8 Find exactly the zeros of:
a y=sin2z for 0° <z <180° b y=sin(z—%) for 0<a<3m
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Example 8

Find the exact solutions of /3sinz =cosz for 0° <z < 360°.
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Trigonometric equations
and identities
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9 a Use your graphics calculator to sketch the graphs of y — sinz and y = cosa on the
same set of axes on the domain 0 < < 27.

b Find the -coordinates of the points of intersection of the two graphs.
10 Find the exact solutions to these equations for 0 < z < 2:
a sinz = —cosx b sin(3z) = cos(3z) ¢ sin(2z) = v/3cos(2z)

Check your answers using a graphics calculator by finding the points of intersection of the appropriate
graphs.
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TRIGONOMETRIC RELATIONSHIPS
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SIMPLIFYING TRIGONOMETRIC EXPRESSIONS
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Simplify:
a 3cos+4cosd b tana —3tana
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To simplify complicated trigonometric expressions, we often use the identities:

sin?0 + cos? 0 =1
tang _ S0
0= 0
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Simplify:
a 2-2sin b cos?fsind +sin’ f
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Expand and simplify:  (cosf — sinf)*
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EXERCISE 11C.1

1 Simplify:
a sinf +sinf b 2cas6+ cosf ¢ 3sinf —sinf
d 3sinf - 2sinfd e tanf—3tan6 1 2cos?f —5cos* 6
2 Simplify:
a 3sin*6 +3cos?6 b —2sin’6 - 2cos?f ¢ —cos?6—sin?f
d 3-3sin®f e 4-4cas’f 1 cos®6 + cosfsin®§
h sin’6-1 i 2cos?6 -2
1 cos?s cos26
=7 ! g
3
sin’z
b 2 ¢ tanzcosz
g sz © Seinr+ 2cosstan ¢ 2tanz
tanz S cosiane Sz
4 Expand and simplify if possible:
a (1+sin6)® b (sina—2)? ¢ (tana—1)*
d (sina+ cosa)? e (sinfi —cos f)? f (2 cosa)?

5 Expand and simplify:  (sinz + tanz)(sinz — tanz)
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FACTORISING TRIGONOMETRIC EXPRESSIONS
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Factorise: a cos?a —sin’a b tan?6 — 3tanf +2





image2.png
Syllabus reference: 3.3, 3.5
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Simplify:

2—2cos?f cosf —sin @

a _cosv—smu
1+ cos@ cos2 0 — sin2 6
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EXERCISE 11C.2

1 Factorise:
a 1-sin?6
d 2sin?8 —sing
g tan’@+ 5tanf + 6

2 Simplify:

1-sin’a
a ——
1—sina
cos? ¢ —sin? ¢

cosg —sing

3 Show that:

a (cost+ sin6)? + (cosf
b (2sinf +3cosf)? + (3sinf — 2cosh)?

¢ (1 cos) (1+—)

1
cosf

sin? o — cos?
2cos ¢ + 3 cos? ¢
2cos?f 4+ Tcosf + 3

tan? 3 — 1
tanf + 1
sina + cosa

sin® a — cos?

simplifies to 2

simplifies to tan @ sin 6

d (1 + ;) (sin# — sin?6)  simplifies to cos?@
sin 6

simplifies to 13

tan?a — 1
3sin? 0 — 6sinf

6cos?a — cosar

cos? ¢ —sin? ¢
cos¢ +sing

3—3sin%0
6cosl

1
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sin 0
1+cos@
sin 0
1—cosf
1
sin @

1+cosf
sin 6
sin

1+cos@
1

1+sinf

simplifies to
simplifies to

simplifies to

2

tan@

2
cos26’
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DOUBLE ANGLE FORMULAE
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INVESTIGATION

What to do:

1 Copy and complete, using angles of your choice as well:

{4 sin26 | 2sinf | 2sinfcosf | cos20 | 2cosf | cos?6 — sin?
0.631
57.81°
3.697

2 Write down any discoveries from your table of values in 1.

3 In the diagram alongside, the semi-circle has radius
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1 unit, and PAB = 6.

APO=0  {AAOP is isosceles}

PON =20 {exterior angle of a triangle}
a Find in terms of 6, the lengths of:

i [OM] i [AM]
iii [ON] iv [PN]
b Use AANP and the lengths in 1 to show that:
0 cas= 22 T P icus 20)
2sin@ 2 cosf

¢ Hence deduce that:
i sin26 = 2sinfcosf il cos20 =2cos?6

1
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The double angle formulae are:

sin 260 = 2sin6 cos O

cos 20 = cos® 0 — sin® 0
=1-—2sin’0
=2cos’6 — 1
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Given that sina:% and cosa = % find:

a sin2a b cos2a
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Example 16

If sina= % where § <a <, find the exact value of sin2a.
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EXERCISE 11D
2 find the exact values of:

1 If sinﬂ:% and cosf = ¢
b cos20 ¢ tan26

a sin26
b If sing= -2, find cos2¢.

a If cosA:%, find cos2A.

2
3 If sina= % where ™ < a < 37", find the exact value of:
a cosa b sin2a
4 If cosf= % where 270° < 8 < 360°, find the exact value of:
b sin2p

a sinf
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TRIGONOMETRIC EQUATIONS
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If o is acute and cos2a = % find the exact values of: a cosa b sina.
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5 If « is acute and cos2a = %, find without a calculator: a cosa b sina.
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Example 18

Use an appropriate ‘double angle formula’ to simplify:
a 3sinfcosf b 4cos?2B -2
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6 Find the cxact value of  [cos(%) + sin(%)] .

7 Use an appropriate ‘double angle” formula to simplify:

a 2sinacosa b 4cosasina

¢ sinacosa

d 2cos?f 1 e 1-2cos’¢ f 1-2sin®N

g 2sin®’M 1 h cos?a—sin’a i sin®a— cos?ar

i 2sin2Acos24 k 2cos3asin3a I 2cos?46 — 1

m 1-—2cos?33 n 1 2sin®5a o 2sin?3D 1

p cos?24 — sin® 24 q cos?(%) — sin*(%) r 2sin?3P — 2cos? 3P
8 Show that:

a (sinf +cosf)? =1+ sin26 b cos'f — sin? 0 = cos 20 GRAPHING

PACKAGE
9 Solve exactly for z where 0 < z < 27

a sin2z+sinz =0 b sin2z - 2cosz =0
¢ sin2z +3sinz =0
10 Use the double angle formula to show that:

s29_ 1 1 _1.,1
a sin®f =3 fcos20 b cos?0 = 3 + cos26
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TRIGONOMETRIC EQUATIONS IN
QUADRATIC FORM
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For example, 2sin?z +sinz =0 and 2cos?z + cosz — 1 = 0 are clearly quadratic equations
where the variables are sinz and cosz respectively.
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Solve for z on 0 <z < 27, giving your answers as exact values:

a 2sin’z +sinz =0 b 2cos’z+cosz —1=0
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EXERCISE 11E

1 Solve for 0 < x <27 giving your answers as exact values:
a 2sin’z +sinz =0 b 2cos’z = cosz ¢ 2cos’z +cosz—1=0
d 2sin’z +3sinz +1=0 e sinzr =2 cosz

2 Solve for 0 < x < 2m giving your answers as exact values:
a cos2r —cosx =0 b cos2z+3cosz =1 ¢ cos2z +sinz =0

d sindz =sin2z e sinz+cosz =2 f 2cos?z = 3sinx
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REVIEW SET 11A

Use the graph of y = cosz to find the solutions of:
a cosz =04, 0<z<800° b cosz =09, 0<z<600°
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6 An ccologist studying a species of water beetle estimates

the population of a colony over an eight week period.
If t is the number of weeks after the initial estimate is
made, then the population in thousands can be modelled by
P(t) =5+2sin(%) where 0 <t <8.

a What was the initial population?

b What were the smallest and largest populations?

¢ During what time interval(s) did the population

exceed 60007

7 Solve for z:  3cosz+sin2z=1 for 0<z < 10.
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Linear equations such as 2z + 3 = 11 have exactly one solution. Quadratic equations of the form
az? +br+c=0, a#0 have at most two real solutions.
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REVIEW SET 11C

1 Consider y = sin(f) on the domain —7 < 2 < 7. Use the graph to solve, correct to

1 decimal place:
a sin(%) =-09 b sin(%)=1
4
1
05
- >
ST =6 T =5 1 =4 T =3 1T =27TT=1 1 2 3 4 5 6 7
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Solve algebraically for 0 < z < 27, giving answers in terms of 7:

a sin’z —sinz —2=0

Find the exact solutions of:
1

a tan(z %):7‘;, 0<z<4nm

Simplify:
a cos® 6 +sin?fcosf
¢ 5 5sin’0

Expand and simplify if possible:
a (2sina—1)?

Show that:
o6 Llising 2
1+sinf cos®  cosf

b 4sin’z =1
b cos(z+ %) =3,

cos?f—1
sinf

sinf — 1
cos6

b (cosa —sina)?

b (1+$) (cost

If tan6 = %, % <6 <, findsinf and cosf exactly.

cos?f) = sin? 6
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Solve in terms of 7:
a 2sinz=-1 for 0<z<dr b \2sinz—1=0 for —2r<z<27m

Find the z-intercepts of:
a y=2sin3z++3 for 0<az<2n b y:ﬁsin(z+%) for 0<z<3m

Solve \/Ecos(z+ I)—1=0 for 0<z<d4m

Simplify:
1—cos?f p Sina-—cosa < 4sin o — 4
1+ cosf sin? o — cos? o 8cosar
If sina = %, T<a< 37“, find the value of cos a and hence the value of sin 2a.

Show that —Sn2x—sina simplifies to tana.
cos2a —cosa+ 1
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REVIEW SET 11B

1 Solve for 0 <z <8:

a sinz=0.382 b tan(%) = —0.458
2 Solve:
a cosz=04379 for 0<z<10 b cos(z—24)=-0.6014 for 0<z<6

3 If sinA:% and cosA:%, find: a sin24 b cos24 ¢ tan2A

& a Solvefor 0 <z < 10:

i tanz =4 i tan(%) =4 iii tan(z —1.5) =4
b Find exact solutions for z given —7w <z < w:
i tan(z + %):—\/g il tan2z = —\/3 iii tan’z - 3=0

¢ Solve 3tan(z—1.2)=-2 for 0<z<10.
5 Solve for 0 <z < 2m:

a cosz =03 b 2sin(3z) = V2 ¢ 43+ 8sinz = 50.1
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EXERCISE 11A.1 HEEETT

1 a8 2~0.3,28 66 9.1,12.9 b r~59 98 12.2
2 a o~ 125174 b oA~ 44,82, 107
3 a aa 04,12 35 43, 6.7,7.5, 9.8, 10.6, 13.0, 13.7
b oA 1.7,30,4.9 6.1,80,9.3, 111, 12.4, 14.3, 156
4 a i~16 ~ L1
b i oall,42,74 i 2~2253




image73.png
EXERCISE 11A.2 EEEESSSSSm

1 a @A 0.446, 2.70, 6.73, 8.98
b @~ 252, 3.76, 8.80, 10.0
¢ o~ 0.588, 3.73, 6.87, 10.0

2 a o~ —0644,0644 b o~ —456, —142, 1.72,4.87
¢ oA —2.76, —0.384, 3.53

3 a2~ 1.08435 b o~ 0.666, 2.48
¢ oA 0.171, 492 d o~ 1.31,2.03 285

4z~ —0.951,0234, 5.98
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EXERCISE 11A.3 EEEEEE————

z 8z 9z Lz
T PEE T
¢z
5z _3x 3z 5z
2 a bz T T T T
¢
z
3 a0 bo<z<iE
353
x x zolx
¢ F<z+3<F d —§se-F<%
z <z
e —Z<2a-F) < f—2r<z<0
z
4 z
4
2:
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EXERCISE 11C.1 IS

1 a
e
2 a
e
i
3 a
e
4 a

2sinf b 3cos6
—2tan  f —3cos?6
3 b —2
4sin?6 f cost
—2sin?0 |1
2tanz b tan?z
2

5sinz f

cosz
1+ 2sin6 +sin26

tan® @ — 2tana + 1
1-2sinfcosf

5 sin?z —tanz

2sinf d sin6
-1 d 3cos? 6
—sin?  h —cos?
sinf I sinf
sinz d cosz

sin? a— 4sina +4
1+42sinacosa
—4+44cosa —cos?a
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Trigonometric equations generally have infinitely many solutions unless a restricted domain such as
0 <z <37 is given.
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EXERCISE 11C.2 MEN—
1 a (1-sinf)(1+sin6)

b (sina+ cosa)(sina — cosa)
¢ (tana+1)(tana—1)  d sinf(2sinf —1)
e cos¢(2+3cosg) f 3sinf(sinf — 2)
g (tanf + 3)(tan 6 + 2) h (2cosf+1)(cosf +3)
i (3cosa+1)(2cosa—1)

2 a 1l+sina b tanf—1 ¢ cosp—sing
d cosp+sing € —b— 1t “’%ﬁ

Sina —cosa
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2 7 1
1 2B b -L - b1
3 a2 cosa==f
4 asinp==Y2
1 27 3
5 at b 64
7 a sin2a b 2sin2a ¢ isn2a  d cos28
e —cos2p fcos2N g —cos2M h cos2a
—cos2a | sindA Kk sin6a I cos8h
—cos6f n coslla o —cos6D p cosdA
'

1 az=0mF 42w bz
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REVIEW SET 11C IS
1 a

T oo

a cosf b —sinf <

T

a 4sin?a —4sina+1

Nowr ow o

sinf = =, cosf
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REVIEW SET 11A I
1 a z~115° 245°,475°, 605° bz~ 25°, 335°, 385°

Iz Lz 197 21 Iz sz z 3z
2 ar=TF R be=-F T LT
3 a4z Sz 10n 1z l6x 17 p 3z 7z Lx

ER Rl e ERiE s

— 0,82, 2n, Iz
4 z=0% 2m IF 4n

1 —cosa
5 a 1-cosb b——— ¢
sina + cosa 2

6 cosa=—¥T, sin2a= 3T

REVIEW SET 118 IS

1 a x=0392 2.75, 6.68 b r~542
2 a z~1.12 517, 740 b z~0.184,4.62

120 19 120
3w b 1 ¢ o
4 a i xm~133,447 761 x = 5.30

T~ 2.83,5.97,
fe—_zz P
b iz=-3% 3%
2 _z oz

~ 5 _ oz oz 3x lx 17x 1om

5 awm127,502 b a=Z F 3 Hr L L
¢ z~1.09,2.05

6 a 5000 b 3000,7000 ¢ 05<t<25ad65<t<8

7 z 137,544, 7.65
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‘We will examine solving trigonometric equations using:

e pre-prepared graphs e technology e algebra.




